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TEMPERATURE STRESSES IN A SLAB OF FINITE THICKNESS IN THE PRESENCE
OF OSCILLATIONS OF THE AMBIENT TEMPERATURE ON ONE OR BOTH SIDES
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UDC 536.21:620.1

On the basis of a solution of the problem of thermoelasticity for a free
slab of finite thickness the author presents formulas and graphs useful
for practical calculations of the temperature siresses in the presence of
ambient-temperature fluctuations on one or both sides and convective
heat transfer at the surfaces.

The normal temperature stresses in a free slab of
finite thickness in the presence of steady harmonic
oscillations of the ambient temperature in the one-
dimensional case, i.e., when the temperature of the
slab varies only over the thickness z (Fig. 1), are
calculated from the formula [1]
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The subscript i takes the values x and y (coordinates
in the plane of the slab).

Substituting in (1) the corresponding values of t(z,7),
t1{(7), and t,(7) for unilateral and bilateral directions of
heat flow, we determine the values of the nonstationary
temperature stresses at any point of the slab in the
presence of steady harmonic oscillations of the tem~
perature of the medium, which are taken in the form
of the real part of the complex variable

t= A,expieor = 4,(cos ot + isinat). (3)

The temperature distribution function t(z,D is found
[2, 3] from the solution of the differential equation of
heat conduction

2.
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Substituting t(z, 7) into (2), wefindthe corresponding
values of t,(7) and t,(7),
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Fig. 1. Temperature distribution t(z, ) over the

thickness of an infinite slab in the presence of har-

monic oscillations of the temperature on the left (t)
and on the right (¢;,).

After isolating the real part of the complex variable
we write the expressions t(z,7), t;(7), and t,(7) as
follows: a) for one-sided heat flow from left to right
(Fig. 1) with t;,, = 0.

1o0t(z 1) =

=Aout(ad + bf) cos wt + (bd — af) sin ot
g . a2+ b2

() =

) (6)

A0 {am - bn) cos v + (bm — an) sin ot
’ pH (a® 4 b%)

, (7

1) =
— gout (ak 4 bl) cos wt - (bk — al) sin v+
! wH (@ + b9

; (8)

b) for one-sided heat flow from right to left with t = 0:

tin(zy T) —
ad’ -+ bf") cos @ +(bd" — af’) sin wt
a? 4 b?
tiw) =
— A (am’ -+ bn’) cos 0t 4 (bm’ —an') sinev
! wH (@ + b?)

— 4! , 9

i;n(':) =
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wH(@ 1+ b |

= AP , (1)

where
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a=—2uH(Bi 4 Bi,)shp Hsinp H +
~+ (Bigue Bij— 2% H?) sh H cosp H —
~— (Biyy Bi;, 4 2u2 H?) chp H sinp H,
b=2pH@®Bi_, +Bi, )chpHcospH 4
.+ Bigy Bij, +2uH%)shpu Hceosp H +
+ (Bigy Bijy —2u2H?) chp Hsinp H,
m = Bi,,, Bi;, (chp H cosp H— 1) +
=+ Bi,,. p H(shp Hcosp H —chp H sinp H),
n =Bi,,Bi, shuHsinp H +
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-+ Bi,, WH (chp Hsinp H + shp H cosp H),
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+Bi, (chpHcosp H 4-1) +

+ 2(1—cthcospH)] ,
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M
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B}‘;ﬂt (shwH cosp H —chp Hsinp H) +
n

+

+ (Bipys —2) shuHsinuH],
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—2u H Bigyeshp H (—;—ﬁ) sinp H (—;— —C) , (23)
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Substituting (6)—(8) and (9)—(11) into (1), after trans-
formations we obtain expressions for the nonstationary
temperature stresses: for one-sided periodic heat
flow from left to right:

O_ouit[ (Z, ’IT) - lfl—;Ev AtOUt ((D_;)ut

cos ot + O sinwt),  (27)

for one-sided periodic heat flow from right to left:

oif(z, T =
I“Ev A 1" cos (T + g0) + O sin(or + )], (28)
where
out__ am‘}‘ bn—'P'H(ad_‘_ bf)"‘;(ak + bl)
. wH @+ @9
o bm— an — p H (bd — of) — ¢ (bk —al) , (30)

WH (@ + 62)

ot~ am + b —pH(ad + b) £ L@k +5) (g
wH(a® + b%)

in, _
2 =

_ bm' —an’ —p H (bd' —af') + ¢ (bk —al') . (2)
pH (@ + b7)
The ¢ are temperature stress functions ¢, the phase
shift of the heat flux oscillations on the left and right.
From (27) and (28), on the basis of the super-
position principle, it is easy to obtain expressions
for the temperature stresses when the effect of the
medium is two-sided and symmetrical (@, = 0):
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Fig. 2. Graphs of the temperature stress functions
®], & for ¢ =0.5.
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Fig. 3. Graphs of the temperature stress functions
@), 8% for £ =0,
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Fig. 4. Graphs of the temperature stress functions
¢, @) for £=0.5,
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A, 1D (©) + O (— D)l cosar +

+ [@3(F) + O3 (—) sinwrl, (33)
where <I>‘} and ¢g are calculated from (29) and (30) with
Bi = Bijp.

Figures 2—4 show the graphs of the temperature
stress functions &{ (solid curves) and &7 (dashed
curves) in the presence of two-sided harmonic tem-
perature oscillations for surface points with the coor-
dinates ¢ =+0.5 and in the center ¢ =0 for @y = ajy =
=23,3 W/m? . deg.

The maximum stresses at any point and the corre-
sponding phases w 7; are determined from the extre-
mum condition

dou _ o,
dz

For one-sided action

do;; o
—_ =

Ay o (— Oy sin oty 4 O, cos wty) == 0,
dv l—w

whence

wT, = arctg —= (D2 (34)
O

1

The maximum stresses are calculated by sub-
stituting values of w7, from (34) into (27) and (28).
The procedure for two-sided action is analogous.

Example, To find the law of variation of the nor-
mal temperature stresses cf‘i’i at the surfaces and in
the center of an infinite slab of thickness H in the
presence of two~sided harmonic oscillations of the
daily air temperature of amplitude A; for pH =3,1 and
Bi =218,

From the graphs in Figs, 2—4 for the given values
of uH and Bi we find &} and &} for the points

t=—05, O} =— 0.36, @3 = 0.225;
=0, @) =0.151, @7= — 0.02;
£=05 @ =—023 ©I=0.

From (33) we find the expressions for the stresses
at the surface of the slab,
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x A;[(—0.36—0.23) cos ot + (0.225-4-0) sinwt] =

and at the center

0 aE
Oi =

—w
X A,[(0.15140.151) cos @t + (—0.02—0.02) sin o] =

aE.

A;(0.302 cos or — 0.04 sin o1).

NOTATION

t is the temperature; x,y, and z are coordinates;
7 is time; H is the thickness of the plate; ¢ =z/H is
the relative coordinate; « is the coefficient of linear
expansion; E is the modulus of elasticity of the mate-
rial; v is Poisson's ratio; a is the thermal diffusivity;
A is the thermal conductivity; a and ajy are the heat
transfer coefficients at outside (left) and inside (right)
surfaces; Biyy = outH/A and Bij, = o, H/A denote
the Biot number for outside (left) and inside (right)

* surfaces; A°Y and A;!" are the amplitudes of the

temperature oscillations of the outside and inside air;
w =1/T is the frequency of the harmonic oscillations;
T is the period of the oscillations.
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