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T E M P E R A T U R E  STRESSES IN A SLAB OF F I N I T E  THICKNESS IN THE P R E S E N C E  

OF OSCILLATION S OF T H E  A M B I E N T  T E M P E R A T U R E  ON ONE OR BOTH SIDES 
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On the basis of a solution of the problem of thermoelasticity for a free 
slab of finite thickness the author presents formulas and graphs useful 
for practical calculations of the temperature stresses in the presence of 
ambient-temperature fluctuations on one or both sides and convective 
heat transfer at the surfaces. 

T h e  n o r m a l  t e m p e r a t u r e  s t r e s s e s  in  a f r e e  s l a b  of 

f i n i t e  t h i c k n e s s  in t he  p r e s e n c e  of s t e a d y  h a r m o n i c  
o s c i l l a t i o n s  of the  a m b i e n t  t e m p e r a t u r e  in  the  o n e -  
d i m e n s i o n a l  c a s e ,  i . e . ,  when  t he  t e m p e r a t u r e  of t he  
s l a b  v a r i e s  on ly  o v e r  the  t h i c k n e s s  z (F ig .  1), a r e  
c a l c u l a t e d  f r o m  the  f o r m u l a  [1] 

,h~ (z, ~) = 

[ z Q(t)]  ' ,~E --t(z,~)+q(~)+~- 
l - - v  

(1) 

w h e r e  
H/2 

1 ~ t(z, x) dz, t~ (~) = -ff  

--H/2 
H/2 

12 f t(z' ~)zdz. 

--~ /2 

(2) 

The  s u b s c r i p t  i t a k e s  the  v a l u e s  x and  y ( c o o r d i n a t e s  
in  t he  p l a n e  of the  s t a b ) .  

S u b s t i t u t i n g  in (1) t he  c o r r e s p o n d i n g  v a l u e s  of t ( z , r ) ,  
t l ( r ) ,  and t~(~-) f o r  u n i l a t e r a l  and b i l a t e r a l  d i r e c t i o n s  of 
h e a t  f low,  we d e t e r m i n e  t he  v a l u e s  of t he  n o n s t a t i o n a r y  
t e m p e r a t u r e  s t r e s s e s  a t  any  po in t  of t he  s t a b  in  the  
p r e s e n c e  of s t e a d y  h a r m o n i c  o s c i l l a t i o n s  of t he  t e m -  

p e r a t u r e  of t he  m e d i u m ,  w h i c h  a r e  t a k e n  in the  f o r m  
of the  r e a l  p a r t  of the  c o m p l e x  v a r i a b l e  

t = A t exp i o~, = A t (cos co-~ + i sin ~0~). (3) 

The  t e m p e r a t u r e  d i s t r i b u t i o n  f u n c t i o n  t(z ,T) i s  found  
[2 ,3]  f r o m  the  s o l u t i o n  of the  d i f f e r e n t i a l  e q u a t i o n  of 
h e a t  c o n d u c t i o n  

Ot (z, ~) 02t (z, ~) 
- a - -  (4) 

0 �9 Oz 2 

and  the  b o u n d a r y  c o n d i t i o n s  

OZ +Blout A t e x p ~ o z - - t  - - ~ - ,  x = 0  

H 
f o r  z = - - ~ -  �9 (5) 

H 
f o r  z = -~- 

S u b s t i t u t i n g  t ( z ,  T) in to  (2), we  f ind  t h e  c o r r e s p o n d i n g  

v a l u e s  of t 1 (T) and t2 ( r ) .  

F ig .  1. T e m p e r a t u r e  d i s t r i b u t i o n  t ( z ,  r )  o v e r  t he  
t h i c k n e s s  of a n  i n f i n i t e  s l a b  in  t h e  p r e s e n c e  of h a r -  
m o n i c  o s c i l l a t i o n s  of t he  t e m p e r a t u r e  on  t h e  l e f t  (t) 

and  on  t he  r i g h t  ( t in).  

A f t e r  i s o l a t i n g  t h e  r e a l  p a r t  of t h e  c o m p l e x  v a r i a b l e  

we  w r i t e  t h e  e x p r e s s i o n s  t ( z , r ) ,  t i (T) ,  and t2 ( r )  as  
fo l lows :  a) f o r  o n e - s i d e d  h e a t  f low f r o m  l e f t  to  r i g h t  

(F ig .  1) w i t h  t i n  = O. 

t~ ~)= 

= A~ut (ad + bf) cos co~ + (bd - -  af) sin ~ox 
a S + b ~ , (6) 

~U('O = 

= A~Ut (am + bn)cos cot + ( b i n -  an)sin ~o-~ (7) 
H (a 2 + b 2) 

= __ A~Ut (ak + bl) cos cot + (bk - -  al) sin cox 
H (a S + b ~) , (8) 

b) f o r  o n e - s i d e d  h e a t  f low f r o m  r i g h t  to l e f t  w i t h  t = 0: 

tin(z, 1:)= 

= A~n (ad' + bf') cos o)~ + (bd' - -  af') sin (o~ (9) 

a ~ + b ~ 

t ;n ( , )  = 

= A~n (am' + bn') cos o r  + (bm' -~ an') sin ~x (10) 
~ H  (a S + bD 

= A~n (ak' + bl') cos mT + (bk' - -  al') sin o)~ �9 (1_l) 
V" H (a S + bD 

where 
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IX = , (12) 1 _ ;)  (23) - - 2 I x I - I B i o u t s h i x H ( 1 - - : )  sinIxH ( -~- , 

a ,= - -  2IX H(Biout+ Bii~ sh ix H sin IX H + 

+ (Biout Biin--- 2IX z H 2) sh Ix H cos Ix H - -  

- -  (Biou t Biin+ 2t~ ~ H z) ch Ix H sin IX H, (13) 

b = 2IX H(Biout + Biin ) chixH cos IX H + 

+ (Biou t Bi in + 2IX ~ H2) sh IX H Cos IX H + 

+ (Biout Biin - -  2IX ~/'/2) ch IX H sin IX H, (14) 

In = Bio~ t Biin (ch Ix H cos IX H - -  1) + 

+ Bio,,~ Ix H (sh Ix H cos ix H - -  ch ix H sin lx H), (15) 

n = Biou t Biin sh Ix H sin Ix H + 

+ B i o u t I x H ( c h t ~ H s i n I x H + s h I x H c o s i x H ) ,  (16) 

In' = Biou t Biin (oh Ix H cos Ix H - -  1) + 

+Bi in  Ix H (sh ix H cos ix H - - c h  Ix H sin ix H), (17) 

n' = Biou t Bi i. sh Ix H sin IX H + 

+ B i i n  ~ H ( c h I x H s i n I x H + s h I x H c o s i x H ) ,  (18) 

k =6Biou t [IX H (sh Ix H cos Ix H - -  ch IX H sin IX H) 

Biin (sh Ix H cos Ix H + ch IX H sin t~ H) + 
IXH 

+Bi in  ( c h i x H c o s I x H + I )  + 

+ 2 (I - -  ch IX H cos IX H)] , (19) 

l = 6Biou t . [Ix H ( s h i x H c o s i x H +  ch IX Hsin IX H) + 

Bil, 
+ ~  (shIx Hcosix H ' c h I x H s i n i x H )  + 

+ (Biin - 2) sh Ix H sin IX H J ,  (20) 

k' = 6Biin [ i x H ( s h i x H c o s I x H - - c h I x H s i n ~ H ) - -  

- -  Bi~ (sh Ix H cos Ix H + chixHsinixH) + 
IX// 

+ Biut(Chl~HcosixH + 1) + 2 (1- -  ch ~/-/cos IX/-/)] , (21) 

l' =6Biln [ IX/'/(sh Ix H cos Ix H + ch Ix H sin IX H) + 

+ B~i~ ut ( sh t~Hcos ixH--ch lsHs in ix I - I )  + 
Ix1-1 

+ (Biou t - -  2) sh IX H sin IX HJ, (22) 

- - c h I x H  ( 1 _ ~ ) s i n I x . ( l _ ~ ) ] _  

(24) 

d '=BioutBi~n[ShixH(~-~  + ~ ) c o s i x H ( l + ~ )  - 

- - c h i x H  ( 2 - + ~ )  s inixH ( - l  + ; ) ]  - -  

--2ix H Biout sh ix H ( - ~  + ; ) sin ix H ( l + ; ) , (25) 

Subs t i tu t ing  (6)- (8)  and ( 9 ) - ( 1 1 ) i n t o  (1), a f t e r  t r a n s -  
f o r m a t i o n s  we ob ta in  e x p r e s s i o n s  fo r  the  n o n s t a t i o n a r y  
t e m p e r a t u r e  s t r e s s e s :  fo r  o n e - s i d e d  p e r i o d i c  hea t  
f low f r o m  le f t  to r igh t :  

o u t  . Ct E A o u t  i c e . o u t  c o s  fox' ~ o u t  s ' n  cr i~(z, x') : t ~,v, + w2 1 o)'~), (27) 

fo r  o n e - s i d e d  p e r i o d i c  hea t  f low f r o m  r igh t  to left :  

in  ~.(z ,  x') = 

a E A]~ [qh i~ cos (~x" + %) + q ~  sin (fo~ + %)1, (28) 

w h e r e  

cl)?Ut - am -}- bn - -  IX H (ad 4- bf) - -  ~ (ak + bl) 
Ix H (a s + b ~) 

, (29) 

out bin - -  an - -  IX H (bd - -  af) - -  ~ (bk - -  al) 
(I)  2 ~ IXH(a2+b,)  , (30) 

(Din= am' + bh ' - -  IxH(ad' + b[') + ~(ak' --}- bl') , (31) 
~t H (a s + b ~) 

a g ' ~ =  

= bm' - -an"  -- ixH(bd" - - a [ ' )  + ~(bk' - -al ' )  (32) 
IX H (a 2 + b ~) 

The  ~ a r e  t e m p e r a t u r e  s t r e s s  func t ions  ~00 the p h a s e  
sh i f t  of the  hea t  f lux o s c i l l a t i o n s  on the  le f t  and r i g h t .  

F r o m  (27) and (28), on the  b a s i s  of the  s u p e r -  
p o s i t i o n  p r i n c i p l e ,  i t  i s  e a s y  to ob ta in  e x p r e s s i o n s  
fo r  the  t e m p e r a t u r e  s t r e s s e s  when  the  e f fec t  of the  
m e d i u m  is  t w o - s i d e d  and s y m m e t r i c a l  (q90 = 0): 
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F ig .  2. Graphs  of the  t e m p e r a t u r e  s t r e s s  funct ions 

~, ~ ~or  ~ = 0 . 5 .  
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Fig. 3. Gruphs of the temperature s t ress  functions 
+~, ~g for ~ = 0. 
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~ ,  o 

-a2# 

Fig.  4. Graphs of the t empera tu re  s t r e s s  functions 

~,~, '~ ~or ~ = o .a .  
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o0 = __~E A, {[(D~ (~) + (D~~ coso)r + 

+ [r + (Do(__~)] sin~or}, (33) 

where ~0 and @0 are  calculated from (29) and (30) with 
Bi = Biin. 

F igures  2 - 4  show the graphs of the t empera tu re  
s t r e s s  functions ~ (solid curves)  and @2 ~ (dashed 
curves) in the p r e sence  of two-s ided harmonic  t e m -  
pe ra tu re  osci l la t ions  for sur face  points with the coor -  
dinates  g =~0.5  and in the cen te r  g = 0 for aex  =(~in = 
= 23.3 W / m  2 �9 deg. 

The max imum s t r e s s e s  at any point and the c o r r e -  
sponding phases  w r 0 a re  de te rmined  f rom the ex t r e -  
mum condition 

d~u ~ O. 
d r  

For  one-s ided  act ion 

d o  u ~ - - a E  Ato)(_(Dlsinco%+(D2coscoTo ) = 0 ,  
d r  1 - - v  

whence 

co'~ o = arctg (D~ . (34) 
(Da 

The max imum s t r e s s e s  are  calculated by sub-  
s t i tut ing values  of w r  o f rom (34) into (27) and (28). 
The procedure  for two-sided action is analogous. 

Example.  To find the law of var ia t ion  of the n o r -  
real t empe ra tu r e  s t r e s s e s  ~ i  at the sur faces  and in 
the cen te r  of an infini te  s lab of thickness H in the 
p r e sence  of two-sided harmonic  osci l la t ions  of the 
daily a i r  t empera tu re  of amplitude A t for pH = 3.1 and 
Bi = 21.8.  

F r o m  the graphs in Figs .  2 - 4  for the given values 
of pH and Bi we find ~ and r for the points 

= - -  0.5, (Do _--- _ 0.36, (D o = 0.225; 

= 0, (Do = 0.151, (Do = _ 0.02; 

~; = 05, (Do = - 0 . 2 3 ,  (Do = o. 

F r o m  (33) we find the express ions  for the s t r e s s e s  
at the surface  of the slab, 

oO.. a E  ~,~ ~ X 

1--'v 

• A t [(--0.36--0.23) cos cot + (0.225 + 0) sin co'~l = 

a E  

1- -v  
- -  At ( -0 .59 coscoT + 0.225 sino~r), 

and at the center  

~ 0 =  aE  

x A t [(0.151 +0.151) cos cot + (--0.02--0.02) sin r = 

a E  

1 - - v  
-- - -  A t (0.302 cos co'~ - -  0.04 sin o)~). 

NOTATION 

t is the t empera tu re ;  x ,y ,  and z a re  coordinates;  
r is t ime;  H is the thickness  of the plate; ~ = z/H is 
the re la t ive  coordinate;  a is the coefficient of l inear  
expansion; E is the modulus of e las t ic i ty  of the ma te -  
r ia l ;  v is Po i s son ' s  rat io;  a is the t he rma l  diffusivity; 

is the the rmal  conductivity; a and a i n  a re  the heat 
t r a n s f e r  coefficients at outside (left) and inside (right) 
surfaces ;  Biou t = a o u t H A  and Biin = a i n H A  denote 
the Blot number  for outside (left) and inside (right) 
sur faces ;  At~ and At in a re  the ampli tudes of the 
t empera tu re  osci l la t ions  of the outside and inside air ;  
w = 1 / T  is the f requency of the harmonic  osci l la t ions;  
T is the per iod of the osc i l la t ions .  
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